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Abstract: In this paper a suspension of monodisperse spherical Stokes particles is considered to be a continuous medium, characterized by a certain density and an effective viscosity. The sedimentation velocity is approximated by the velocity of fall of a single stationary Stokes particle in this medium. The sedimentation velocity obtained using equations that balance the forces, acting on the precipitated solids particles, including the effective viscosity, is in a good agreement with the experimental data and with well-known empirical formulas.
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Theoretical studies of the gravitational settling velocity of solids particles suspended in liquids are presented in a many scientific papers. A detailed analysis of existing methods for solving this problem is presented in [1]. All these methods, in spite of their diversity, very often provide conflicting results.
In this paper, a new approach for calculating the sedimentation velocity is presented. A suspension of monodisperse spherical Stokes particles is considered as continuous medium, characterized by a certain density and an effective viscosity. The sedimentation velocity is then calculated as the velocity of fall of a single stationary Stokes particle in this medium. 

In this formulation, the gravitational settling velocity is described using the hydrodynamics of slow motion of viscous incompressible liquid flows of small particles at low Reynolds numbers. The effects of the hydrodynamic interactions between Stokes particles on the velocity of sedimentation is taken into account through an effective viscosity of the suspension (in the expression of the viscous resistance of the liquid to the motion of solid particles). In this case, the reliability of the formula for determination of the velocity of sedimentation, obtained from an expression of force viscous resistance, is uniquely determined by the validity of the expression for the effective viscosity of slurry.

According to the fundamental approach discussed in [2], the viscous force, 
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 acting on a single particle in a dilute suspension can be represented as follows:
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Here, 
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is the radius of the spherical Stokes particle, 
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 is the velocity of the particles relative to the liquid, 
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is the radius of the cell, implying that inside the cell the volume concentration of the solid phase is equal to the average volume concentration of the suspension 
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 , 
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 is the dynamic viscosity of the liquid, and 
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is a correction coefficient near unity. As we can see, the whole effect of the influence the volume concentration of solid particles on the force, 
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, is associated with value of 
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. Therefore, the expression (1) can be written as:
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where 
[image: image13.wmf]m

is an effective dynamic viscosity of the suspension.
Thus, relying on an analogy with the slurry viscosity, the problem of determining the velocity of sedimentation of solid particles at a volume concentration, 
[image: image14.wmf]C

, is reduced to the problem of determining the sedimentation velocity of a single particle in a liquid, whose viscosity and density are equal to the density and viscosity of the slurry. This formula for determining sedimentation velocity takes into consideration the effects of concentration on this velocity.

We now define the deposition velocity, based on an analogy with the viscosity of the suspension. Suppose that fine spherical particles with radius, 
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 descent under the force of gravity with a uniform velocity, 
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 We assume that the liquid is infinite and has zero velocity at infinity. We also assume that solid particles are distributed substantially uniformly. Since the suspension is considered to be quasi-static and since the suspended particles transfer their weight to the liquid, the mean pressure gradient, 
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where 
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and 
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 are the densities of the liquid, the solid particles, and the suspension, correspondingly; and 
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 is gravitational acceleration.

Each suspension particle experiences three forces:

the force of gravity, 
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G
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the buoyant force, 
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and the viscous force, 
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From the vanishing of the algebraic sum of these three forces we find:
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For the descent of a single particle at a constant velocity, 
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, in an infinite homogeneous liquid that is immobile at infinity, we can write, in analogy with (4),
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Dividing Eq. (4) by Eq. (5), we find
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As is known, the relative viscosity of the suspension increases with increasing concentration of solid particles. Consequently, according to (6), the velocity of sedimentation of solid particles in the suspension would decrease. The increase of the volume concentration leads to an increase of the intensity of the viscous stress of liquid flow surrounding the solid particles. This increases the effective viscosity of the suspension.
To determine the value of 
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 we will use the previously obtained dependence [1],
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This formula is only valid for concentrations, 
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. For extremely low concentrations this formula may be simplified to: 

[image: image35.wmf]C

5

.

3

1

0

+

=

m

m








(8)

Formula (7) is based on the structural dynamic rheological method of mathematical modeling of suspensions, i.e. by calculation of averaged tangential stress of suspension.

Formulas (7) and (8) apply to spherical particles of suspension. Considering, however, that the viscosity, and hence the sedimentation velocity also depends of the shape of the particle, we modify expressions (7) and (8) to include shape dependence. For this purpose, we rewrite these equations as:
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Here, 
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 and 
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, are considered to be correction coefficients.

Thus, substituting (9) in (6), we obtain a formula for the relative sedimentation velocity for moderate concentrations:
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Substituting (10) in (6), a similar formula is obtained for extremely low concentrations:
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It is important to compare existing experimental values of the effective viscosity of suspensions with those obtained using formula (7). In our previous work [1],we presented a detailed analysis and systematization of the experimental data in [3,4]. Moreover, in order to determine 
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, additional experimental data for the pressure gradient in suspension flow in a pipeline has been used.

A comparison of the calculated values ​​of the relative viscosity, 
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, with eexperimental data is presented in Fig. 1. In this Figure, the symbols indicate the experimental values, 
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, for the corresponding values of volume concentrations. The continuous lines, labeled 1 and 2, are formulas (7) and (8). The dotted line is the polynomial,
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that approximates the experimental data and has been obtained by method of least squares.
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Fig. 1 The dependence of the relative viscosity, 
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on slurry concentration, 
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, for spherical particles: 
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are experimental data taken from [3], [4], [5], respectively. Lines 1, 2 and 3 are the corresponding formulas (7), (8), (13 ).

As one can see, in the limit of moderate concentrations, 
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, the correspondence between experimental data and the formula (7) is quite good. However, with further increases in the concentration, the calculated relative viscosities, 
[image: image51.wmf]0

/

m

m

, begin to deviate from the experiment. This deviation for 
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 can be expected because the hydrodynamic interactions between solid particles are not well approximated by formula (7). The simplified formula (8) is only in good agreement with the experimental data for 
[image: image53.wmf]05

.

0

<

C

. 

To test the reliability of formula (12), experimental data from [3] were used. In these experiments the velocities of sedimentation of small balls were studied, for volume concentrations less than 0.06. In Fig. 2, the symbols correspond to experimental values 
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, ​​and curve 1 is presented the calculated values ​​of this quantity and were obtained by formula (12) using 
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=3.5. For comparison, curves 2 and 3 are presented using the well- known empirical formulas:

Richardson J. & Zaki W. [ 3]

[image: image56.wmf]65

.

4

0

)

1

(

C

U

U

-

=








(14)
and Todes O.[6]
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which apply for spherical Stokes particles of suspension.
Formulas (12) and (14) are in satisfactory agreement with the experimental data, while formula (15) slightly overestimates the calculated values.


[image: image58.emf]
Fig.2 The dependence of relative velocity of sedimentation, 
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, for spherical solid particles: 1-3 - calculation according relevant formulas (12) with 
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=3.5, 20 and 21, * - the experimental data from [3].
In conclusion, we note that our theoretical approach provides quite good correspondence with experimental data of several authors. Our formulas are useful for practical applications. The results are applicable to several technologies, especially, for wastewater treatment processes.
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